The analytical method based on the lifting-surface theory for calculating power and efficiency of the multi-wing cascade configurations of an elastically supported flapping wing power generator is presented. The theoretical results of the power and efficiency for the single, two-wing and three-wing configurations are presented, and the effects of distance between the wings, the oscillation mode (in-phase and anti-phase mode) and aspect ratio on the power and efficiency are clarified. For the single and two-wing configurations, the theoretical results are compared with the experimental data obtained for a hydroelectric power generator, and reasonable agreement of the theory and experiment is obtained. For the effect of aspect ratio, it is shown that the increments of power and efficiency for the middle wing of the three-wing configuration in anti-phase mode of oscillation that are expected by increasing the aspect ratio from three to ten are approximately 61% and 43% at the wing distance of 1.5 chords, respectively.
A p : axis of pitch a p : dimensionless axis of pitch (A p =b) b: semichord c: chord g: damping coefficient H: heaving displacement h: dimensionless heaving displacement (H=b) H w : wing distance h w : dimensionless wing distance (H w =b) i: ffiffiffiffiffiffi ffi À1 p k: reduced frequency (k ¼ b!=U) L: lift l: span M : pitching moment around axis of pitch M h : mass relating to heaving oscillation M w : wing mass N: total number of wings N p : total number of panels P: power P 1 : power generated by heaving oscillation : complex amplitude
Introduction
Flutter is known as a destructive aeroelastic phenomenon observed, for example, with aircrafts and suspension bridges. However, the present study is concerned with a power generation system which extracts wind energy from the flutter phenomenon by actively utilizing it. Several works on the flutter power generation system have been published so far. There are two types of such a system. One is the system which utilizes the mechanical coupling of the pitching and heaving motions (with an appropriate phasing between the two motions) of a rigid rectangular wing. Such Ó 2012 The Japan Society for Aeronautical and Space Sciences systems have been studied by McKinney and DeLaurier, 1) Jones et al. 2) and Platzer et al.
3) The other one is the system which utilizes the aeroelastic response of a rigid wing supported elastically in heaving mode, which is excited by the lift generated by the forced pitching oscillation of the wing. Such systems have been studied by Isogai et al., 4, 5) Shimizu et al., 6) Kim et al. 7) and Abiru and Yoshitake. 8) These theoretical and experimental studies showed that the flutter power generation system can generate power comparable to a rotary windmill. Kinsey and Dumas 9) conducted a theoretical study on the power generation characteristics of the two degrees-of-freedom flapping wing power generator using a Navier-Stokes code (FLUENT), predicting a power coefficient as high as 36.4% for the pitch amplitude of 76.3 deg. Recently, Abiru 10) has extended a previous experimental study of a single-wing configuration to the two-wing configuration. The concept of Abiru can be explained as follows: when the two wings are arranged in vertical direction as shown in Fig. 1 , there must be aerodynamic interaction between them, either favorable or unfavorable. If the oscillation mode of each wing is in-phase with each other, the power generated will be reduced compared with a single wing since the absolute value of the pressure on the upper/lower surface of each wing is reduced to the unfavorable side due to the effects from the adjacent wing. On the other hand, if the oscillation mode of each wing is anti-phase with each other, the power generated will be increased compared with a single wing since the absolute value of the pressure on the upper/lower surface of each wing is increased to the favorable side. Abiru 10) examined the effects of the oscillation mode and the distance between the two wings using the same hydroelectric power generation system reported in Ref. 8) . They obtained an approximate 15% increase of power for the anti-phase mode at the wing distance of two chord lengths and an approximate 20% decrease of power for the in-phase mode at the wing distance of one chord length.
In order to provide a theoretical base to the cascade configuration of the elastically supported flapping wing power generator, Isogai and Abiru 11) presented analytical and numerical methods for estimating the power and efficiency of the system. These methods were based on a 2D linear potential aerodynamic theory and 2D Navier-Stokes equations, respectively. Although these 2D methods qualitatively clarified the effects of wing distance and the oscillation modes of the cascade configurations on the power and efficiency obtained in the experiment, 10) some quantitative discrepancy (approximately 38% for power) between the theory and experiment was observed. It was conjectured that the reason for this quantitative discrepancy could be attributed to the 3D effect, which is not taken into account in the 2D theory, since the aspect ratio of the wing used in the experiment is three. Therefore, it seems to be quite important to develop an analytical method for estimating the 3D aerodynamic effect, not only for a single-wing configuration, but also for the multi-wing cascade configurations. The purpose of the present paper is to develop the liftingsurface theory for estimating power and efficiency of the multi-wing cascade configurations of the elastically supported flapping wing power generator. 4) 2. Development of Analytical Method
Equation of motion for single wing
In this section, the concept of the flapping wing power generator originally proposed by Isogai et al. 4) is explained briefly. Figure 2 shows the concept. A rigid rectangular wing is supported elastically in heaving oscillation while the pitching oscillation of the wing is mechanically driven by an electric motor with a prescribed frequency and amplitude. The lift induced by the pitching oscillation does work to the heaving oscillation while the phase angle between the two motions is automatically adjusted to the optimum value by aeroelastic response. In order to obtain the optimum aeroelastic response of the wing, which attains the maximum power generation efficiency, they applied the optimization technique to determine the system parameters. The governing equation of motion of the system can be given by the following equation.
If we assume that the wing is designed so that the center of mass of the wing coincides with the axis of pitch, namely, X cg ¼ A p , the second term of the right hand side of Eq. (1) can be removed. They used Theodorsen's 2D analytical unsteady aerodynamic forces 12, 13) to obtain the analytical solution of Eq. (1), by assuming that the aspect ratio of the rectangular wing is sufficiently large. From the dimen- sionless form of Eq. (1), it can be identified that the aeroelastic responses of the wing are governed by the six non-dimensional parameters: k, g, ! h =!, ", o and a p . It should be noted that the structural damping coefficient g is added to maintain the amplitude of the heaving oscillation of the wing constant. Once these parameters are given, assuming simple harmonic motion of the wing, it is easy to obtain the analytical solution of Eq. (1), namely, the amplitude and phase angle (with respect to the forced pitching oscillation) of the heaving oscillation. Then it is easy to estimate the time averaged work done by the aerodynamic forces, namely, the wind energy extracted from the system by the following equation.
The unique point of their concept is to apply the optimization technique to determine the five dimensionless system parameters (k, g, ! h =!, " and a p ) to attain the maximum power generation efficiency ( o is given by the designer). The power generation efficiency p is defined by
where H s is the amplitude of the leading or trailing edges, whichever is larger. They employed the ''complex method '' 14) as the optimization algorithm. 2.2. Lifting-surface theory for multi-wing configurations In this section, the analytical method for estimating the power and efficiency of the multi-wing cascade configurations of the elastically supported flapping wing power generation system is presented. The method is based on the unsteady lifting-surface theory (3D linear potential aerodynamic theory). Figure 3 shows the arrangement of the wings and definition of the coordinate system for the three-wing configuration as an example. In developing the method, we make the following assumptions: 1) The number of wings is N; 2) The planform of the wings is rectangular; 3) Each wing is separated by an equal distance of H w ; 4) Each wing is supported elastically only in heaving mode; 5) Each wing has the same mass, elastic properties and structural damping coefficient; 6) Each wing is oscillated mechanically in pitch mode with prescribed amplitude and frequency; 7) Only the in-phase or anti-phase motion of each wing are examined (the anti-phase motion means that the phase difference of the forced pitching oscillation between the adjacent wings is 180 deg); 8) The center of mass of each wing coincides with the axis of pitch of each wing.
Under these assumptions, the equation of motion of each wing can be given by
where H I is the heaving displacement and L I is the lift acting on the I-th wing, respectively. Here we assume that the heaving and pitching oscillations are simple harmonic. Therefore, we can assume the simple harmonic variation of lift since we employ the linear potential aerodynamic theory. These assumptions enable us to use complex quantities for the wing displacements and unsteady aerodynamic forces. Then, the lift L I in Eq. (4) can be evaluated by solving the following system of simultaneous integral equations expressed in non-dimensional form:
where w I is the dimensionless up-wash given by where 0 I is the phase angle between the wings and takes the following values depending on whether the pitching oscillation of the wing is in-phase mode or anti-phase mode. For the in-phase mode
For the anti-phase mode
Substituting Eq. (7) into Eq. (6), we obtain
ÁC pJ ð$; Þ in Eq. (5) is the complex amplitude of the pressure difference coefficient on J-th wing, which is defined by
K IJ ðx; y; $; Þ in Eq. (5) is the kernel function, which expresses the effect of pressure difference on the J-th wing to the up-wash on the I-th wing. K II ðx; y; $; May 2012 K. ISOGAI and H. ABIRU: Lifting-Surface Theory of Flapping Wing Power GeneratorN) is the same kernel function that appears in the usual (single wing) unsteady lifting-surface theory, 15) and it is given in the Appendix for completeness. K IJ ðx; y; $; Þ (I 6 ¼ J,
The analytical form of K IJ that is appropriate for numerical evaluation is given in the Appendix also.
To solve the integral equations (Eq. (5)), we apply the doublet lattice method (DLM). 16) In the DLM, the wing is divided into 2N p panels as shown in Fig. 4 . The number of panels in chord-wise and span-wise directions are N c and 2N s , respectively (N c ¼ 20 and N s ¼ 20 (N p ¼ 400) are used for the theoretical results presented in section 3). Then, Eq. (5) can be reduced to the following system of simultaneous algebraic equations:
where
The definitions of (x i ; y i ) (control point), ($ j ; j ) (loading point) and e that appear in Eqs. (12)- (14) are shown in Fig. 5 . The control point (x i ; y i ) is located at the center of the 3/4 chord point of the i-th panel and the loading point ($ j ; j ) is located at the center of the 1/4 chord point of the j-th panel.
When I ¼ J and i ¼ j, K IJ in Eq. (13) becomes singular at ¼ y i and the finite part of the improper integral should be taken (refer to Refs. 15) and 16) for the treatment of the improper integral of Eq. (13)). Excluding this case, no special treatment of the line integrals of Eqs. (13) and (14) is necessary since K IJ in Eqs. (13) and (14) is non-singular.
Since the unknown pressure differences in Eq. (12) are the functions of the unknown heaving displacements and the known pitching displacements of the wings, it can be expressed by the following series expansions:
where A JK; j and B J; j are the unknown complex coefficients. Substituting Eqs. (10) and (15) into Eq. (12), we obtain
Since Eq. (16) should be satisfied for arbitrary values of h I and o , it can be reduced to
and
Since Eq. (17) and (18) 
Therefore, the unknown complex coefficients A JK; j and B J; j relating to the pressure difference on the j-th panel of each wing can be found by solving Eqs. (17) and (18), respectively. For the two-wing configuration, as an example, the following 4 Â N p equations for A IJ; j (I ¼ 1, 2, J ¼ 1, 2, j ¼ 1, Á Á Á, N p ) and 2 Â N p equations for B I; j (I ¼ 1, 2, j ¼ 1, Á Á Á, N p ) are obtained: Equations (19) and (20) are the system of simultaneous algebraic equations for A 11; j and A 21;
Equations (21) and (22) are the system of simultaneous algebraic equations for A 12; j and A 22; j (j ¼ 1, Á Á Á, N p ).
Equations (23) and (24) Once the coefficients A IJ; j and B I; j are found, the lift L I on the I-th wing can be expressed using Eq. (15) as
Substituting Eq. (25) into the equations of motion (Eq. (4)), and after some manipulations, we obtain
where " is the mass ratio defined by " ¼ M h =ð%&b 2 lÞ. Equation (26) is the system of simultaneous algebraic equations for h I (I ¼ 1, Á Á Á, N), which can be solved easily.
Once h I (I ¼ 1, Á Á Á, N) are found, the complex amplitude of lift L I is given by Eq. (25) and the complex amplitude of the pitching moment M I (positive nose-up around the axis of pitch) is given by
Then the time averaged power extracted from each wing can be computed by
Substituting Eqs. (25) and (27) into Eq. (28) (note that the real part of the complex quantities (L I , H I , M I , and ) must be used for computing the power), we obtain
where Re ( ) and Im ( ) mean the real and imaginary parts of the complex quantities, respectively. Equation (29) is composed of two parts, namely,
P I;1 is the work done by the lift to the heaving oscillation and P I;2 is the work done by the pitching moment to the pitching oscillation. Therefore, ÀP I;2 means the power loss consumed by the forced pitching oscillation. This means that P I is the power that can be extracted from the I-th wing by taking the power loss of the forced pitching oscillation into account. Then, the power generation efficiency of each wing can be computed using Eq. (3).
Results and Discussion
In this section, the theoretical results calculated using the analytical method developed in section 2 for single-wing, two-wing and three-wing configurations are presented. To evaluate the accuracy and reliability of the theory, the computations are conduced for Abiru's hydroelectric power generator, 8, 10) for which the experimental data are available.
Single wing
The experimental apparatus of Abiru's hydroelectric power generator 8) Figure 6 shows the theoretical (DLM) and experimental values of the power (P 1 ) generated by heaving oscillation and the power loss (ÀP 2 ) consumed by the forced pitching oscillation with respect to the flow velocity. In Fig. 6 , two kinds of data, namely, the power generated under the condition of ! ¼ constant (! ¼ 6:0 rad/s) and that generated under the condition of k ¼ constant (k ¼ 0:30) are shown. Although there is some quantitative difference (approximately 16% at U ¼ 1:0 m/s) between the theory and experiment, agreement between the two seems to be good. The difference between the two could be attributed to the viscous effect neglected in the present lifting-surface theory.
In Fig. 7 , the theoretical and experimental variations of the power generation efficiency p1 (efficiency of power generated by heaving oscillation) with respect to U are shown. Agreement between the two seems to be good except the efficiency for ! ¼ constant in the velocity range of U ¼ 0:6{0:9 m/s (the reason for this discrepancy seems to be the viscous effect neglected in the theory). Figure 8 shows the variation of the heaving amplitude with respect to U. Agreement between the theory and experiment is good. To see the effect of aspect ratio, theoretical results of power per unit span and power generation efficiency (the power loss due to the forced pitching oscillation is included) are plotted with respect to aspect ratio in Fig. 9 . As seen in the figure, the power and efficiency increase considerably (approximately 45% for power and 35% for efficiency) by increasing the aspect ratio from three to ten.
Two-wing configuration
As described in section 1, Abiru conducted an experimental study 10) on the cascade effects of the two-wing configuration using two of the apparatus used to study the single-wing configuration. 8) He examined the effects of wing distance and the in-phase and anti-phase modes of the forced pitching oscillation. In this section, the theoretical results obtained for the two-wing configuration of Abiru 10) are compared with the experimental data. Figure 10 shows the variations of power (P 1 ) generated by heaving oscillation and power loss (ÀP 2 ) consumed by the forced pitching oscillation with respect to the wing distance (H w =c). These theoretical and experimental data are obtained at the design condition of U ¼ 1:0 m/s and ! ¼ 6:0 rad/s (other parameters such as mass and elastic properties of each wing are the same as those of the single-wing configuration). Although agreement between the theory and experiment is good qualitatively, there is some quantitative difference (approximately 17%) between them both for anti-phase and in-phase modes of oscillation, that could be attributed to the viscous effect, especially the effect of dynamic stall vortex as pointed out in Ref. 11). As to the power loss consumed by the forced pitching oscillation, the theory also over-predicts the experimental data. As seen in the figure, the amount of power converges to that of the single wing (theory: 4.13 W; experiment: 3.35 W) for the wing distance larger than H w =c ¼ 4:0 for both the theory and the experiment. The increment of power predicted by the theory is approximately 17% for the anti-phase mode of oscillation at H w =c ¼ 1:25 compared with the single-wing configuration while that of the experiment is approximately 13% at H w =c ¼ 1:5. In  Fig. 11 , the power generation efficiency p1 of the heaving oscillation (the power loss due to the forced pitching oscillation is not taken into account) is compared between the theory and experiment. Agreement between the two is good.
As a whole, the results of the present method based on the lifting-surface theory show reasonable agreement with those of Abiru's experimental data when we consider that the theory is based on a non-viscous potential theory. Furthermore, it is believed that the present method provides an useful tool for the design of the elastically supported flapping wing power generator.
Three-wing configuration
In this section, the theoretical results obtained for the three-wing configuration are presented. The wing planform, mass and elastic properties are the same as those used for Abiru's single and two-wing configurations. The flow velocity and the frequency of the forced pitching oscillation are assumed to be U ¼ 1:0 m/s and ! ¼ 6:0 rad/s, respectively. The experimental data for this three-wing configuration is not available. For the three-wing configuration, the middle wing experiences stronger effects from the adjacent wings than those of the two-wing configuration presented in section 3.2 as already shown in the 2D theory in Ref. 11). Figures 12 and 13 show the variations of the power and efficiency of the middle and outer wings for the in-phase and anti-phase modes of oscillation with respect to the wing distance (note that the power loss due to the forced pitching oscillation is included in the expressions of both P and p shown in Figs. 12 and 13 ). As shown in the figures, the middle wing experiences larger or smaller power and efficiency compared with those of the outer wings depending on whether the forced pitching oscillation is anti-phase or in-phase mode, respectively. For example, the increment of power of the middle wing from that of the outer wings for anti-phase mode is approximately 22% at H w =c ¼ 1:25, and the decrement of power of the middle wing from that of the outer wings for in-phase mode is approximately 21% at H w =c ¼ 1:0. The differences of power and efficiency between the middle and outer wings and those between the anti-phase and in-phase modes of oscillation become very small for the wing distance larger than H w =c ¼ 4{5, and they converge to those of the single-wing configuration (the power and efficiency for the single-wing configuration are 3.48 W and 27.3%, respectively). The increment of power and efficiency from those of the single-wing configuration for the anti-phase mode of oscillation at H w =c ¼ 1:25 are 41% and 34%, respectively.
As discussed in section 3.1, there is a considerable effect of aspect ratio on the power and efficiency for the singlewing configuration (approximately 45% increase of power (per unit span) and 35% increase of efficiency are expected by increasing the aspect ratio from three to ten). It is quite interesting to see the effect of aspect ratio for the multi-wing configuration also. Figures 14 and 15 show the effects of the aspect-ratio for the present three-wing configuration. The figures show the variations of the power per unit span and efficiency at the wing distance of H w =c ¼ 1:5 both for anti-phase and in-phase modes of oscillation with respect to aspect ratio. As seen in the figures, the effect of aspect ratio is largest for the middle wing in anti-phase mode and is smallest for the middle wing in in-phase mode. The increments of power and efficiency of the middle wing for anti-phase mode of oscillation that are expected by increasing the aspect ratio from three to ten are approximately 61% and 43%, respectively. As seen in Fig. 15 , the efficiency of the middle wing in anti-phase mode reaches 49% for the aspect ratio of ten, which is equivalent to the power coefficient of 0.29, comparable with a conventional rotary windmill. These increments of power and efficiency are larger than those expected for the single-wing configuration. These results clearly suggest that a considerable amount of benefit could be gained by introducing multiwing configurations composed of more than three wings of high aspect-ratio for practical power generation systems.
Conclusion
The analytical method based on the lifting-surface theory for calculating power and efficiency of the multi-wing cascade configurations of the elastically supported flapping wing power generator was presented. The theoretical results of the power and efficiency for the single, two-wing and three-wing configurations were presented, and the effects of distance between the wings, the oscillation mode (inphase and anti-phase mode) and aspect ratio on the power and efficiency were clarified. For the single and two-wing configurations, the theoretical results were compared with the experimental data obtained for a hydroelectric power generator, and reasonable agreement of the theory and experiment was obtained. For the effect of aspect ratio, it was shown that the increments of power and efficiency for the middle wing of the three-wing configuration in antiphase mode of oscillation that are expected by increasing the aspect ratio from three to ten were approximately 61% and 43% at the wing distance of 1.5 chords, respectively.
